Abstract. Let M m be an oriented manifold, let N m−1 be an oriented closed manifold, and let p be a point in M m . For a smooth map f :
Introduction
Gauss linking number is a link homotopy invariant of a pair (φ 1 (N [11] .)
The winding number win p f of a loop f : S 1 → R 2 around a point p / ∈ Im f measures how many times f turns around p. It is defined as the intersection number of a path P connecting p to infinity with a loop f . Clearly the winding number is just the linking number between f : S 1 → S 2 = R 2 ∪ {∞} and the map of S 0 sending one point of S 0 to p and the other to ∞ . The winding number is a classical invariant. It is a part of the complex analysis Cauchy integral formula and it has many applications in topology. The result of Whitney [21] expresses the rotation number of a planar curve through the winding numbers of the curve around points in the regions of the curve complement. Many formulas involving the winding number for invariants of planar curves, fronts, and knot diagrams were obtained in the works of Polyak [13] , Shumakovich [16] , [17] , Turaev [18] , Viro [20] and the first author [4] . Generalizations of winding numbers to hypersurfaces in R m are essential in the works of Goryunov [10] , Mikhalkin and Polyak [12] . Since the winding number is a particular case of the linking number, standard homology theory methods give its generalization to the case of a (possibly singular) smooth hypersurface f : N m−1 → M m , p ∈ Im f, provided that f * ([N ]) = 0 ∈ H m−1 (M ) and that ∂M = ∅ or that M is the interior of a manifold with boundary.
(A boundary component plays the role of infinity where one places the second point of S 0 . The condition f * ([N ]) = 0 is needed so that the intersection number of the path P and the hypersurface f (N ) does not depend on the choice of the path P .) We denote the winding number defined this way by win p (f ).
In our work [6] we constructed the "affine linking invariant" alk of a pair of linked singular oriented closed submanifolds φ 1 (N n1 1 ), φ 2 (N n2 2 ) of M n1+n2+1 . Our alk is a link homotopy invariant. It is a generalization of the linking number and it is well defined for all
The group where the alk invariant takes values depends on the homotopy classes of the maps φ 1 , φ 2 and sometimes is hard to compute.
In this paper we use ideas, similar to the ones we used in [6] to define alk, to construct the affine winding number awin p (f ) that is a generalization of the winding number to a vast collection of oriented M and closed oriented N. We do not require that f * ([N ]) = 0 ∈ H * (M ) and that ∂M = ∅ (or that M is the interior of a manifold with boundary). Thus in these cases the invariant win p (f ), that is a particular case of the linking number, is not defined.
Since one of the linked manifolds is the one-point-space, many of the technical difficulties we dealt with in [6] do not arise. In particular, the group where the affine winding number takes values is either Z or a quotient group of Z. Also the operation µ on the bordism groups, that we introduced in [6] to define alk, reduces to the standard intersection pairing. (The operation µ is quite interesting on its own. It gives rise to a Poisson bracket on the bordism group of garlands, [7] , [5] that is related to Goldman-Turaev [9] , [19] and Andersen-Mattes-Reshetikhin [1] , [2] algebras.)
The generalized affine winding numbers we construct in this paper have affine nature, i.e. only the difference of affine winding numbers of two homotopic maps is well-defined. Equivalently, for a fixed distinguished ε : N → M we can define the affine winding number awin p (f ) of f : N → M around p provided that f and ε are homotopic. In the classical case of M = R 2 and N = S 1 such a distinguished map is, in a sense, fixed implicitly and it is a map into a point in R 2 \ p. The precise definitions are given in Section 1.
In Section 2 we consider two applications of our theory. First, we formulate the generalization of the complex analysis Cauchy integral formula to the case of meromorphic functions on complex surfaces of genus bigger than one. Second, we consider a propagation of a wave front in M and estimate the number of passages of the front through a given point between two time moments t 1 and t 2 . In many cases we can estimate this number just from the shapes of the front at time-moments t 1 and t 2 , without any knowledge of the propagation process, topology of M , etc.
In Section 3 we generalize the invariant awin p (f ) to the case where the point p ∈ M is not fixed and somehow moves in M.
Affine winding numbers
We work in the C ∞ -category and the word smooth means C ∞ . In this paper N m−1 and M m are oriented connected smooth manifolds of dimensions m − 1 and m respectively, and we assume m ≥ 2. The manifold N is assumed to be closed. I is the interval [0, 1] . In this section we fix a point p ∈ M and a connected component N of the space C ∞ (N, M ) of smooth maps N → M. Put Σ ⊂ N to be the discriminant that consists of all maps f ∈ N such that p ∈ Im f. We do not include into Σ the maps f that are singular in the common sense but do not satisfy p ∈ Im f.
The affine winding number awin p (f ) that we define in this section is a locally constant function on N \ Σ. Equivalently, it is a function on π 0 (N \ Σ). If f * ([N ]) = 0 ∈ H * (M ) and ∂M = ∅, so that win p (f ) can be defined as the particular case of the linking number, then the functions win p (f ), awin p (f ) : N \ Σ → Z are equal up to an additive constant.
1.1. Definition. Let p be a point in M . We say that a smooth map F :
) and p is a regular value of F . We also call such F a good homotopy between the maps
If two smooth maps N → M are homotopic and their images do not contain p, then there exists a good homotopy between these maps. Moreover, the set of good homotopies is C 0 -dense in the set of all homotopies. This can be proved via standard general position arguments.
Note that F −1 (p) is a finite set for every good F . The standard orientation of I yields an orientation of N × I. Every point in F −1 (p) is equipped with a sign ±1 as follows. We put the sign of the point to be +1 if the restriction of F to a small neighborhood of the point is orientation preserving, and we put the sign of the point to be −1 otherwise.
1.2.
Definition. For a good map F : N × I → M, we define ∆ awin p (F ) ∈ Z to be the sum of the signs of the inverse images of p under F .
1.3.
Remark (relation between ∆ awin p (F ) and the intersection number). The number ∆ awin p (F ) can also be described as follows. Consider the maps
and P : I → M × I, P (t) = (p, t). Then ∆ awin p (F ) is equal to the intersection number of Φ and P . The proof is straightforward.
Similarly ∆ awin p (F ) equals to the intersection number of F and of the positively oriented point p.
We regard the circle S 1 as the quotient space I/{0, 1} and denote by π : I → S 1 the projection. Consider a good map F : N × I → M and assume that F (x, 0) = F (x, 1), for all x ∈ N . Then there exists the unique map G :
The following Lemma follows immediately from Definition 1.2 and the description of the degree as the sum of the signs of the inverse images. Note that if the manifold M is not closed, then the degree of G is zero by definition.
1.4.
Lemma. ∆ awin p (F ) equals to the degree of the map G. (A(M, N ) ). We call a smooth map µ : N × S 1 → M special if µ N ×s ∈ N , for some (and therefore for all) s ∈ S 1 . We define the indeterminacy subgroup A A A = A A A(M, N ) of Z to be the subgroup of possible degrees of special maps
Definition
A A A and denote by q : Z → A(M, N ) the quotient homomorphism.
1.6. Definition. Fix ε = ε N ∈ N \ Σ that should be thought of as a preferred map. Given a map f ∈ N \ Σ, we define the affine winding number awin p (f ) = awin p,ε (f ) ∈ A(M, N ) by setting
where
Note that awin p,ε (ε) = 0.
Theorem. The invariant awin has the following properties:
1: The number
Proof. Let us prove statement 1. Let F 1 , F 2 : N ×I → M be two good homotopies between ε and f. We must show that q(
A homotopy F 1 followed by F 2 gives a homotopy F :
, if needed, we can assume that it is smooth and hence that F is a good homotopy between F | N ×0 = ε and
To prove statement 2, choose a good homotopy F :
Similarly to above, F followed by H gives a good homotopy
If f 0 and f 1 belong to the same path connected component of N \ Σ, then we can find a good homotopy H between them such that H −1 (p) = ∅. Thus awin p (f 1 ) − awin p (f 0 ) = q(0) = 0 and hence awin p is a locally constant function.
Let us prove statement 3. Clearly A(M, N ) and q : Z → A(M, N ) do not depend on the choice of ε ∈ N \ Σ. Choose a good homotopy
Choose f ∈ N \ Σ and a good homotopy F from ε to f. We have awin p,ε (f ) = q(∆ awinp (F )). Similarly to above, homotopy F ′ followed by F gives a good homotopy from ε ′ to f. Counting the preimages of p under this homotopy we get that awin p,
1.8. Remark (Affine nature of awin p ). By statement 3 of Theorem 1.7, if we change the distinguished map ε ∈ N \ Σ, then the function awin p = awin p,ε : N \ Σ → A(M, N ) changes by an additive constant. Thus if we neglect the distinguished map ε, then the invariant awin p is well-defined up to an additive constant. This is similar to the ambiguity in the choice of the origin in an affine space, and this shows the affine nature of our invariant awin p . Note also that statement 2 of Theorem 1.7 implies that for f 0 , f 1 ∈ N \ Σ the difference awin p,ε (f 1 ) − awin p,ε (f 0 ) does not depend on the choice of the distinguished map ε. Proof. Clearly A(M, N ) = Z if and only all the special maps µ : N × S 1 → M have zero degrees. Thus it suffices to show that if any of the conditions 0 − 5 is satisfied, then every special mapping µ : N × S 1 → M has zero degree. We deal with each condition separately.
It is useful to know when the indeterminacy subgroup
Condition 0. The degree of a map from a closed m-dimensional manifold to a non-closed m-dimensional manifold is always zero. Thus every special µ : N ×S 1 → M has zero degree.
For this reason, while considering the cases of Conditions 1-5 we can and shall assume that M is closed.
Condition 1. Consider a special map µ :
, for all i = 1, . . . , m. By the Künneth formula we have
Similarly to the case of Condition 1, we conclude that µ * : H * (N × S 1 ; Q) → H * (M ; Q) is an epimorphism. Fix a point * ∈ S 1 and denote by i : N → N × S 1 , i(n) = (n, * ) the inclusion. Consider a diagram of homology groups
where p : N × S 1 → N is the projection. Since N consists of null-homotopic maps, µ * i * is the zero homomorphism. Because p * i * = id, we get that i * is injective and thus rank ker µ * ≥ b i (N ). Since µ * is surjective, we get that rank Im µ * = b i (M ) 
is the trivial homomorphism. Now using the equality π 1 (N × S 1 ) = π 1 (N ) ⊕ π 1 (S 1 ) and the fact that Im µ * is a finite index subgroup of π 1 (M ), we conclude that
is infinite, then it is isomorphic to Z and therefore π 1 (M ) contains Z as a finite index subgroup. The following Theorem says that if the winding number win p can be defined as the particular case of the classical linking number, then the invariants win p , awin p : N \ Σ → Z are equal up to an additive constant. Note that using conditions 1 − 5 of Theorem 1.7 one gets that our affine winding number awin p is defined for a vast collection of closed M and connected components N of C ∞ (N, M ). Recall that for closed M the winding number can not be defined as the particular case of the classical linking number invariant. Proof. Let p + denote the 0-dimensional singular cochain 1 · ϕ where ϕ : ∆ 0 → M, ϕ(∆ 0 ) = p. We triangulate N and regard a map N → M as a singular chain in M . Take f ∈ N \ Σ and recall that win p (f ) is defined as a particular case of the linking number: namely as the intersection number S • p + where S is a singular chain with ∂S = f . Let F : N × I → M be a good homotopy between the preferred map ε ∈ N \ Σ and f. Take a singular chain S with boundary ε and consider the triangulation of N × I such that F | N ×0 is equal to ∂S. Then S := S + F is a singular chain with ∂S = f . Clearly
Theorem. Let M be a manifold with ∂M = ∅ or such that it is the interior of a manifold with boundary. Let N be a connected component of
C ∞ (N, M ) consisting of f : N → M with f * ([N ]) = 0 ∈ H * (
M ). (This is the setup where we can define
. By Definition of win p we have
Hence win p (f ) − win p (ε) = ∆ awin p (F ). By Theorem 1.9, A(M, N ) = Z and q = id : Z → Z for M non-closed. By Definition of awin p , we have
Thus awin p − win p : N \ Σ → Z is the constant function − win p (ε).
Some Applications
As a first application of our affine winding numbers, we have the following generalization of the Cauchy integral formula. and residues Res f (a j ), j = 1, . . . , k. Let C i : S 1 → F 2 , i = 1, 2, be two homotopic smooth oriented (not necessarily zero homologous) curves not passing through any of the poles. Let awin aj (C i ) ∈ Z, i = 1, 2; j = 1, . . . , k, be the affine winding numbers that are defined for p = a j , since condition 0 or condition 1 of Theorem 1.9 is satisfied. Then
This Theorem allows one to express the integral of a meromorphic function over a curve, through the integral of the function over some specified homotopic curve. The formulation of the classical Cauchy Theorem for F 2 = C is obtained from Theorem 2.1 by taking C 2 to be a small curve lying far away from all the poles, so that C2 f dz = 0. In this case by Theorem 1.11 awin aj (C 1 ) − awin aj (C 2 ) coincides with the classical winding number win aj (C 1 ).
Note that by Statement 2 of Theorem 1.7, the term awin aj (C 1 ) − awin aj (C 2 ) in (2.1) does not depend on the choice of the preferred map ε ∈ N \ Σ used to define awin aj = awin aj ,ε .
Proof. For non-closed F the affine winding numbers awin aj (C i ) are Z-valued, since condition 0 of Theorem 1.9 holds. For closed F of genus bigger than one, the affine winding numbers awin aj (C i ) are Z-valued, since b 1 (S 1 ) + b 0 (S 1 ) = 2 < b 1 (F ), and hence condition 1 of Theorem 1.9 holds.
Similarly to the proof of the classical Cauchy Theorem, the proof of Theorem 2.1 boils down to local considerations. Namely, using statement 2 of Theorem 1.7 one shows that both parts of identity (2.1) change in the same way under an elementary homotopy of C 1 that involves one passage of C 1 through one of the poles. Since C 1 is homotopic to C 2 and the two sides of (2.1) are equal for C 1 = C 2 , we get that identity (2.1) holds.
Applications of awin p to the study of wave front propagation. Informally speaking, we assume that at a moment of time T something happens at a submanifold of M m and the perturbation caused by this event starts to radiate from the submanifold in all the directions according to a propagation law. More accurately, we have a smooth map W :
where Im W | N ×t is thought of as the set of points that the perturbation has just reached at time t.
In fact, for wave fronts in geometric optics the map W has special properties. For example W N ×t , t ∈ [T, ∞), lifts to a Legendrian submanifold of the unit cotangent bundle of M , see Arnold [3] . In this work we do not use any of these properties.
We define the wave front W (t) : N → M by setting W (t)(n) = W (n, t), n ∈ N, and make an assumption that W is generic i.e. p is a regular value of W and (W (t)) −1 (p) has at most one point for each t ∈ [T, ∞). We would like to find an estimate from below on the number of times pas(t 1 , t 2 ) a wave front W (t) on M passed through the point p between two moments of time t 1 and t 2 such that p ∈ Im W (t i ), i = 1, 2. Moreover, we would like this estimate to be computable from the shape of the pairs (W (t 1 ), p) and (W (t 2 ), p) only, without any knowledge of W , topology of M , time moments t 1 , t 2 etc. Clearly, we have pas(t 1 , t 2 ) ≥ |∆ awinp (F )|, where F :
The difficulty is that we know W (t 1 ), W (t 2 ), but we do not know W (t) for t 1 < t < t 2 , and thus we do not know F.
Luckily statement 2 of Theorem 1.7 says that q(∆ awin p (F )) = awin p (W (t 2 )) − awin p (W (t 1 )) and that we can take any good homotopy G between W (t 1 ) and W (t 2 ) and compute awin p (W (t 2 )) − awin p (W (t 1 )) as q(∆ awinp (G) ). In particular, if M, N, N are as in Theorem 1.9, so that A(M, N ) = Z and q = id : Z → Z, then pas(t 1 , t 2 ) ≥ | awin p (W (t 2 )) − awin p (W (t 1 ))|. Thus in this case we can estimate from below pas(t 1 , t 2 ) from the pictures of the front at times t 1 and t 2 .
2.2. Example. Assume that at times t 1 and t 2 the wave front is contained in a chart of M. Assume moreover that at time t 1 the picture of the wave front was the one shown in Figure 1a and later at t 2 it developed into the shape shown in Figure 1b. (The Figure 1b depicts a sphere that can be obtained from the trivially embedded sphere by passing two times through the point p and by creation of some singularities on the part of the front away from p.)
A straightforward calculation gives awin p (W (t 2 )) − awin p (W (t 1 )) = q(±2) ∈ A(M, N ), where the sign depends on the front orientation which is not shown in the Figure. Assume that M is not a rational homology sphere, then condition 3 of Theorem 1.9 is satisfied. Hence A(M, N ) = Z and |q(±2)| = 2 = | awin p (W (t 2 )) − awin p (W (t 1 ))|. We conclude that every generic W that changes W (t 1 ) to W (t 2 ) involves at least two passages through p.
If W is not generic, it could happen that two branches of the front pass through p simultaneously. However for non-generic W we still can conclude that the front passed through p at least once between the two time moments. This section deals with the case where the point, around which we compute the winding number, is not stationary but rather moves in M. We will define the affine winding number invariant similarly to how we did it before, but the indeterminacy subgroup A A A will increase.
As before we fix a connected component N of C ∞ (N, M ). We put the discriminant Σ ⊂ N × M to be the set of pairs (f, x) ∈ N × M such that x ∈ Im f. Note that we do not include into the discriminant the pairs (f, x) such that f is singular in the common sense but x ∈ Im f.
Let F : N × I → M be a smooth map and let γ : I → M be a smooth path such that γ(t) ∩ F (N × t) = ∅, t = 0, 1. By a C ∞ -small perturbation we may assume that F and γ are transverse.
We define Φ : N × I → M × I, Φ(n, t) = (F (x, t), t) and Γ : I → M × I, Γ(t) = (γ(t), t). Since F and γ are transverse, we see that Φ and Γ are also transverse. We equip I = [0, 1] with the orientation from 0 to 1 and we equip N × I and M × I with the product orientations.
3.1. Definition. We define ∆ AWIN (F, γ) ∈ Z as the intersection number Φ • Γ of Φ and Γ with respect to the orientations described above.
Note that if γ is a constant path, so that Im γ is just one point p ∈ M, then ∆ AWIN (F, γ) = ∆ awin p (F ), see Remark 1.3. Given (f, x) ∈ N × M \ Σ, we define the affine winding number
and γ is a smooth path from ρ to x that is transverse to F. is well defined.
, and a path β from x 0 to x 1 that is transverse to H. Then
In particular, AWIN :
is the constant function AWIN ε ′ ,ρ ′ (ε, ρ). Hence the functions
are equal up to an additive constant.
Proof. Let us prove statement 1. Choose another good homotopy F ′ of ε to f and another path γ ′ from ρ to x that is transverse to F ′ . Let Φ ′ : N × I → M × I and Γ ′ : I → M × I be the corresponding maps. Clearly it suffices to show that
Consider a non-decreasing smooth function ϕ : [0, 1] → [0, 1] such that ϕ(t) = 0, for t ∈ [0, 1/2], and ϕ(1) = 1. Define the good homotopies F , F ′ via F (x, t) = F (x, ϕ(t)), F ′ (x, t) = F ′ (x, ϕ(t)) and put Φ, Φ ′ : N × I → M × I to be the corresponding maps. Define γ, γ t) ) and put Γ, Γ ′ : I → M × I to be the corresponding maps.
Since Φ is homotopic to Φ and Γ is homotopic to Γ modulo boundary, we have Φ • Γ = Φ • Γ, where • is the intersection pairing of the corresponding relative homology classes modulo
Since the maps Φ, Φ ′ , Γ, Γ ′ preserve the I-coordinate, we have that
. By our choice of ϕ, the restrictions γ| [ 1] are smooth homotopies of ε to f. Define the good homotopies F ,
2 t), for n ∈ N, t ∈ I. By Remark 1.3 and the observation in Definition 3.1 we get that
. By statement 2 of Theorem 1.7 we have that
Hence A ∈ A A A. By our choice of ϕ, the restrictions F | N ×[0, 3.5. Remark (Comparison of AWIN to the winding number that is defined as a particular case of the linking number). Let M be a manifold with ∂M = ∅ or that is the interior of a manifold with boundary. Let N be a connected component of
. This is the setup where we can define win : N × M \ Σ → Z as the linking number between f and the map of S 0 sending one point of S 0 to p and the other into a chosen boundary component. Then AWIN − win : N × M \ Σ → Z is a constant function and hence the two invariant are equal up to an additive constant. The proof of this fact is similar to the proof of Theorem 1.11 and therefore is omitted.
3.6. Remark (AWIN and Viro's winding number). In [20] Viro introduced generalizations of winding numbers to the case of zero homologous immersed curves on a closed surface F 2 with χ(F 2 ) = 0. Viro's winding numbers are Q-valued and under regular homotopy they behave in the same way as the classical winding numbers. However unlike our affine winding numbers, Viro's winding number around p ∈ F 2 changes under a non-regular homotopy of a curve that does not pass through p. Hence Viro's winding number does not give rise to a locally constant function on N × F 2 \ Σ.
3.7.
Remark (AWIN and wave fronts). The invariant AWIN allows one to estimate from below the number of times a front on M passed through a point that was continuously moving in M. Assume that the pair: the trajectory α : [T, +∞) → M of the point and the front propagation W : N m−1 × [T, +∞) → M m is generic so that α and W are transverse. Choose t 1 , t 2 > T such that α(t i ) ∈ Im W | N ×ti , i = 1, 2, and define F : N × I → M, F (x, t) = W (x, (t 2 − t 1 )t + t 1 ) , γ : I → M, γ(t) = α((t 2 − t 1 )t + t 1 ). Clearly |∆ AWIN (F, γ)| estimates from below the number of times the front passes through the moving point between times t 1 and t 2 .
Put f i = W | N ×ti : N → M, i = 1, 2. If M and N ∋ W | N ×T are such that AWIN is a Z-valued invariant, then ∆ AWIN (F, γ) = AWIN(f 2 , γ(t 2 )) − AWIN(f 1 , γ(t 1 )). By statement 2 of Theorem 3.3 the last quantity can be computed using any good homotopy H of f 1 to f 2 and a path β from γ(t 1 ) to γ(t 2 ) that is transverse to H. This allows us to estimate from below the number of times a front passed through an observable point moving on M between times t 1 and t 2 . This estimation can be done from the snapshots of the front and the point at the two time moments without the knowledge of the front and point movements.
For example, assume that at times t 1 and t 2 the front and the observable point were located in a chart of M and were as depicted in Figure 1 . Assume that M is not a Q-homology sphere, so that B(M, N ) = Z by Theorem 3.4. By the above discussion we get that for generic (W, α) the front passed through an observable moving point at least 2 times between times t 1 and t 2 . This conclusion can be made without the knowledge of W and of the trajectory α of the observable point. Similarly to the case of a stationary point p discussed in Example 2.2, for nongeneric pairs (W, α) we still can conclude that the front passed through the moving point at least once between the two time moments.
